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Abstract Within the Hartree-Fock framework, the spin-
less two-electron density function�(r1, r2) consists of direct
�di(r1, r2) and exchange �ex(r1, r2) parts. Accordingly, the
inner 〈r<〉 and outer 〈r>〉 radii in many-electron systems are
rigorously separated into the direct and exchange contribu-
tions, i.e., 〈r<〉 = 〈r<〉di + 〈r<〉ex and 〈r>〉 = 〈r>〉di +
〈r>〉ex. It is generally shown that 〈r<〉di + 〈r>〉di = 2〈r〉
and 〈r<〉ex + 〈r>〉ex = 0, where 〈r〉 is the usual average
radius of an electron. Numerical examinations of the direct
and exchange contributions for the 102 atoms from He to Lr
in their ground states find that the electron exchange works
to decrease 〈r<〉 and increase 〈r>〉. However, the exchange
parts are very small and the direct parts essentially govern
the inner and outer radii.

Keywords Direct and exchange contributions · Inner
radius · Outer radius · Radial separation · Atoms

1 Introduction

In many-electron systems, the mean distance of an electron
from the coordinate origin is given by the average electron
radius,

〈r〉 = 1

N

∞∫

0

drr D(r), (1a)

where D(r) is the one-electron radial density (see, e.g.,
Ref. [1]) normalized to N , the number of electrons. For an
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N -electron wave function �(x1, . . . , xN ) with xi = (ri , si )

being the combined position-spin coordinate of the electron
i, D(r) is explicitly given by

D(r) = N r2
∫

dsd�dx2 . . . dxN |�(x, x2, . . . , xN )|2, (1b)

where (r,�) is the polar coordinate of the vector r. The aver-
age radius 〈r〉 is a traditional one-electron index of the elec-
tron motion used popularly in the electronic structure theory
of atoms and molecules, but its information content is lim-
ited since 〈r〉 is derived by averaging the motions of all the
N electrons.

Deeper insights into the electronic motion would be ob-
tained if two or more electrons are explicitly treated without
an averaging procedure. In fact, it has recently been shown [2]
that when any two electrons are considered simultaneously,
the average radius 〈r〉 splits into inner 〈r<〉 and outer 〈r>〉
radii to reduce the electron–electron repulsion. The latter
radii are defined [2] by

〈r<〉 = 2

N (N − 1)

∞∫

0

dr1

∞∫

0

dr2r<D2(r1, r2), (2a)

〈r>〉 = 2

N (N − 1)

∞∫

0

dr1

∞∫

0

dr2r>D2(r1, r2), (2b)

where r< = min(r1, r2), r> = max(r1, r2), and D2(r1, r2)

is the two-electron radial density (see, e.g., Ref. [3]),

D2(r1, r2) = N (N − 1)

2
r2

1 r2
2

∫
ds1ds2d�1d�2dx3 . . . dxN

×|�(x1, . . . , xN )|2, (2c)
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normalized to N (N −1)/2, the number of electron pairs. The
three average radii 〈r〉, 〈r<〉, and 〈r>〉 are related [2] by

〈r<〉 = 〈r〉 − 1
2 〈|r1 − r2|〉, (3a)

〈r>〉 = 〈r〉 + 1
2 〈|r1 − r2|〉, (3b)

where

〈|r1 − r2|〉= 2

N (N − 1)

∞∫

0

dr1

∞∫

0

dr2|r1 − r2|D2(r1, r2) (4)

is the magnitude of the radial separation. Equations (3a) and
(b) also imply an interesting relation 2〈r〉 = 〈r<〉 + 〈r>〉,
which connects the one- and two-electron properties.

The splitting of the average radius 〈r〉 into the inner 〈r<〉
and outer 〈r>〉 radii was studied [2] for the 102 atoms He
through Lr in their ground states. The effect of electron corre-
lation was discussed [2] for the He atom and its isoelectronic
ions. An examination of the splitting of the average subshell
radius 〈r〉nl into the inner 〈r<〉nl and outer 〈r>〉nl radii was
reported [4] in connection with the double-zeta description
of atomic wave functions, where n and l are the principal
and azimuthal quantum numbers. Relations of the inner and
outer radii with the electron-pair relative distance 〈r12〉 =
〈|r1 − r2|〉 and center-of-mass radius 〈R〉 = 〈|r1 + r2|/2〉
were discussed in Ref. [5]. It has been also pointed out [6] that
the inner and outer radii are useful tools to distinguish elec-
trons with different natures, as is the case of singly-excited
1snl states of the He atom.

In the present paper, we study direct and exchange contri-
butions to the inner 〈r<〉 and outer 〈r>〉 radii to see how the
quantum-mechanical exchange effect, which is implicit in the
one-electron property 〈r〉, emerges in the two-electron prop-
erties 〈r<〉 and 〈r>〉. Since the Hartree-Fock two-electron
density is the sum of direct and exchange parts, the inner 〈r<〉
and outer 〈r>〉 radii are rigorously separated into the direct
and exchange contributions, i.e., 〈r<〉 = 〈r<〉di + 〈r<〉ex and
〈r>〉 = 〈r>〉di + 〈r>〉ex. General sum rules are shown that
〈r<〉di + 〈r>〉di = 2〈r〉 and 〈r<〉ex + 〈r>〉ex = 0. Numerical
results of the direct and exchange contributions are reported
for the 102 atoms from He to Lr in their ground states. The
exchange parts are found to decrease 〈r<〉, increase 〈r>〉, and
enlarge 〈|r1 −r2|〉. Hartree atomic units are used throughout.

2 Direct and exchange densities in Hartree-Fock theory

For an N -electron system (N ≥ 2), we consider a Hartree-
Fock wave function �(x1, . . . , xN ) composed of a set of N
orthonormal spin–orbitals ψi (r)ηi (s).

Then the spinless two-electron density function �(r1, r2)

is [7] the sum of direct �di(r1, r2) and exchange �ex(r1, r2)

contributions,

�(r1, r2) = N (N−1)

2

∫
ds1ds2dx3 . . . dxN |�(x1, . . . , xN )|2

= �di(r1, r2)+ �ex(r1, r2), (5)

where

�di(r1, r2) =
N−1∑
i=1

N∑
j=i+1

�
i j
di (r1, r2), (6a)

�
i j
di (r1, r2) = 1

2 [Fii (r1)Fj j (r2)+ Fj j (r1)Fii (r2)], (6b)

�ex(r1, r2) =
N−1∑
i=1

N∑
j=i+1

�i j
ex(r1, r2), (6c)

�i j
ex(r1, r2)

= − 1
2δs(i, j)[Fi j (r1)Fji (r2)+ Fji (r1)Fi j (r2)], (6d)

in which Fi j (r) = ψi ∗ (r)ψ j (r) and δs(i, j) = ∫
dsη∗

i
(s)η j (s). We note that
∫

dr1dr2�(r1, r2)

=
∫

dr1dr2�di(r1, r2) = N (N − 1)

2
, (7a)

∫
dr1dr2�ex(r1, r2) = 0. (7b)

The partitioning of the two-electron density�(r1, r2) into
the direct and exchange parts suggests the corresponding par-
titioning of the one-electron density ρ(r),

ρ(r) = 2

N − 1

∫
dr2�(r, r2) = ρdi(r)+ ρex(r), (8a)

where

ρdi(r) = 2

N − 1

∫
dr2�di(r, r2) =

N∑
i=1

Fii (r), (8b)

but

ρex(r) = 2

N − 1

∫
dr2�ex(r, r2) = 0. (8c)

There is no exchange contribution to the one-electron density.
Clearly,∫

drρ(r) =
∫

drρdi(r) = N . (9)

If we apply the polar coordinates (ri ,�i ) to the vector ri

and integrate �(r1, r2) and its components over the angu-
lar variables �1 and �2, we find that the two-electron ra-
dial density function D2(r1, r2) also consists of the direct
D2,di(r1, r2) and exchange D2,ex(r1, r2) parts,

D2(r1, r2) = r2
1 r2

2

∫
d�1d�2�(r1, r2)

= D2,di(r1, r2)+ D2,ex(r1, r2), (10)
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where

∞∫

0

dr1

∞∫

0

dr2 D2(r1, r2)

=
∞∫

0

dr1

∞∫

0

dr2 D2,di(r1, r2) = N (N − 1)

2
, (11a)

∞∫

0

dr1

∞∫

0

dr2 D2,ex(r1, r2) = 0. (11b)

The spin–orbital-pair components Di j
2,di(r1, r2) and Di j

2,ex
(r1, r2) of D2,di(r1, r2) and D2,ex(r1, r2) are defined by inte-
grating Eqs. (6b) and (d), respectively, over�1 and�2. Anal-
ogously, the one-electron radial density D(r) is given by

D(r) = r2
∫

d�ρ(r) = Ddi(r). (12)

For atomic systems, we can generally assume that the
spatial function ψi (r) is the product of a radial function
Ri (r) = Rni li (r) and a spherical harmonic function Yi (�) =
Yli mi (�). In such cases, the spin–orbital-pair components

Di j
2,di(r1, r2) and Di j

2,ex(r1, r2) are expressed as

Di j
2,di(r1, r2) = 1

2r2
1 r2

2 [Gii (r1)G j j (r2)+ G j j (r1)Gii (r2)],
(13a)

Di j
2,ex(r1, r2) = − 1

2δs(i, j)[c0(i, j)]2r2
1 r2

2 [Gi j (r1)G ji (r2)

+ G ji (r1)Gi j (r2)], (13b)

where Gi j (r) = R∗
i (r)R j (r) and

ck(i, j) = ck(li mi ; l j m j )

=
√

4π

2k + 1

∫
d�Y ∗

li mi
(�)Yk,mi −m j (�)Yl j m j (�) (14)

is the Condon–Shortley parameter [8]. The radial density
D(r) is given by

D(r) = r2
N∑

i=1

Gii (r) = Ddi(r). (15)

3 Direct and exchange contributions to average radii

Once the two-electron radial density D2(r1, r2) is separated
into the direct and exchange parts, the expectation value of
any two-electron radial property f (r1, r2) is decomposed
into the corresponding two contributions. For a single pair
of electrons, the expectation value 〈 f (r1, r2)〉 and its direct

and exchange components are given by

〈 f (r1, r2)〉 = 2

N (N − 1)

∞∫

0

dr1

∞∫

0

dr2 f (r1, r2)D2(r1, r2)

= 〈 f (r1, r2)〉di + 〈 f (r1, r2)〉ex, (16a)

〈 f (r1, r2)〉di = 2

N (N −1)

∞∫

0

dr1

∞∫

0

dr2 f (r1, r2)D2,di(r1, r2),

(16b)

〈 f (r1, r2)〉ex = 2

N (N −1)

∞∫

0

dr1

∞∫

0

dr2 f (r1, r2)D2,ex(r1, r2).

(16c)

The expectation value of a one-electron radial property
g(r) is obtained by

〈g(r)〉 = 1

N

∞∫

0

drg(r)D(r) = 〈g(r)〉di, 〈g(r)〉ex = 0.

(17)

Now, the direct and exchange contributions to the inner
〈r<〉 and outer 〈r>〉 radii are obtained from Eq. (16) as

〈r<〉 = 〈r<〉di + 〈r<〉ex, (18a)

〈r<〉di = 〈r〉 − 1
2 〈|r1 − r2|〉di, (18b)

〈r<〉ex = − 1
2 〈|r1 − r2|〉ex, (18c)

and

〈r>〉 = 〈r>〉di + 〈r>〉ex, (19a)

〈r>〉di = 〈r〉 + 1
2 〈|r1 − r2|〉di, (19b)

〈r>〉ex = + 1
2 〈|r1 − r2|〉ex, (19c)

where we have used Eq. (13) and the fact that 〈r〉di = 〈r〉
and 〈r〉ex = 0 from Eq. (17). Since Eq. (11b) means that
the function D2,ex(r1, r2) takes both negative and positive
values, we cannot judge whether 〈|r1 − r2|〉ex is positive or
negative. However, we can claim without numerical examin-
ations that the exchange contributions to the inner and outer
radii are opposite. From Eqs. (18) and (19), it also follows
that

〈r<〉di + 〈r>〉di = 2〈r〉, (20a)

〈r<〉ex + 〈r>〉ex = 0. (20b)

The exchange contributions cancel each other out, and the
sum of the direct contributions is precisely twice the average
radius 〈r〉.
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Table 1 The direct and
exchange contributions to the
inner 〈r<〉 and outer 〈r>〉 radii
exemplified for the six group-18
atoms

He Ne Ar Kr Xe Rn

〈r<〉
Direct 0.622000 0.476586 0.452230 0.353180 0.333632 0.280325

Exchange 0 −0.000185 −0.000566 −0.000245 −0.000277 −0.000164

Sum 0.622000 0.476401 0.451664 0.352935 0.333355 0.280161

〈r>〉
Direct 1.232547 1.101640 1.333420 1.104557 1.113065 0.967396

Exchange 0 0.000185 0.000566 0.000245 0.000277 0.000164

Sum 1.232547 1.101825 1.333986 1.104802 1.113342 0.967560

4 Numerical results and discussion for ground-state
atoms

Using a modified version of the MCHF72 program [9], we
have first performed numerical Hartree-Fock calculations
and generated radial functions Ri (r) for the 102 atoms He
through Lr in their ground states [10]. For each atom, the di-
rect Di j

2,di(r1, r2) and exchange Di j
2,ex(r1, r2) terms of a spin–

orbital-pair component have been constructed by Eqs. (13a)
and (13b). Gathering the direct and exchange contributions
separately from all spin–orbital pairs, we have obtained the
direct D2,di(r1, r2) and exchange D2,ex(r1, r2) parts of the
two-electron radial density D2(r1, r2). Finally, the direct and
exchange contributions to the inner 〈r<〉 and outer 〈r>〉 radii
have been calculated by Eqs. (16)–(19). The total values of
〈r<〉 and 〈r>〉 have been verified by comparison with the lit-
erature values [2]. The validity of the sum rules, Eqs. (20a)
and (b), has also been confirmed numerically for all the 102
atoms.

Table 1 exemplifies the direct and exchange contributions
to the inner 〈r<〉 and outer 〈r>〉 radii for the six group-18
atoms, among which there is no exchange contribution in
the He atom. The direct parts 〈r<〉di and 〈r>〉di are always
positive. The exchange part 〈r<〉ex of the inner radius 〈r<〉 is
found to be negative and works to decrease the inner radius.
The same is true for all the remaining atoms. However, the
magnitude of 〈r<〉ex is very small and is at most 0.54% of
〈r<〉. On the other hand, the exchange part 〈r>〉ex of the outer
radius 〈r>〉 is positive and works to increase the outer radius
for all the atoms except He. The contribution 〈r>〉ex is also
small and is at most 0.10% of 〈r>〉. Consequently, the direct
parts 〈r<〉di and 〈r>〉di essentially determine the inner and
outer radii.

Because of the relations (18c) and (19c), the above numer-
ical results imply that for the ground-state atoms, the ex-
change part 〈|r1 − r2|〉ex of the radial separation 〈|r1 − r2|〉
is non-negative, though it is small compared to 〈|r1 − r2|〉di.
Thus, the non-classical electron exchange works to increase
the radial separation 〈|r1 − r2|〉 = 〈r>〉 − 〈r<〉 or to pull two

<
 r

1-
r 2

 >
ex

0.006

0.005

0.004

0.003

0.002

0.001

0.000
0 10 20 30 40 50 60 70 80 90 100

Z

Fig. 1 The exchange contribution 〈|r1 −r2|〉ex to the radial separation
〈|r1 − r2|〉 as a function of Z

electrons apart radially. The result does not contradict the
fact that the electron exchange reduces the electron–electron
repulsion energy. Figure 1 plots 〈|r1 − r2|〉ex as a function of
atomic number Z . The exchange contribution is maximal at
the Li atom and has a tendency to decrease as Z increases,
with a few local maxima at group-2 atoms.

In terms of a component 〈|r1 − r2|〉i j
ex from a pair of spin–

orbitals i and j with a non-zero exchange contribution, 〈|r1−
r2|〉ex is written as N−1

pair

∑
i< j 〈|r1 − r2|〉i j

ex, where Npair =
N (N − 1)/2 is the total number of spin–orbital pairs. If we
introduce an average [〈|r1−r2|〉i j

ex]av of non-zero 〈|r1−r2|〉i j
ex

contributions, we obtain 〈|r1 − r2|〉ex = (Nex/Npair)[〈|r1 −
r2|〉i j

ex]av, where Nex is the number of spin–orbital pairs with
non-zero exchange contributions. The average value [〈|r1 −
r2|〉i j

ex]av varies from one atom to another. Nevertheless, we
have examined a possible correlation of 〈|r1 −r2|〉ex with the
ratio Nex/Npair for the 101 atoms Li through Lr. The result
is depicted in Fig. 2. We find there is an approximate linear
correlation between the two quantities. A regression analysis
gives

〈|r1 − r2|〉ex ∼= 0.015699(Nex/Npair)− 0.000214, (21)
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Fig. 2 The correlation between 〈|r1 −r2|〉ex and Nex/Npair for the 101
atoms Li through Lr

with the correlation coefficient 0.991. Therefore, [〈|r1 −
r2|〉i j

ex]av is commonly approximated by 0.016 bohr, indepen-
dent of Z , from which we can roughly estimate the exchange
contributions to the inner and outer radii of the ground-state
atoms.

5 Summary

The direct and exchange contributions to the inner 〈r<〉
and outer 〈r>〉 radii, as well as to the radial separation

〈|r1 − r2|〉, have been studied for many-electron systems.
Numerical examinations of the 102 atoms from He to Lr
in their ground states have shown that the exchange effects
decrease 〈r<〉, increase 〈r>〉, and enlarge 〈|r1−r2|〉. However,
the exchange parts are very small and the direct parts essen-
tially govern the inner and outer radii. The present numerical
results have been obtained within the non-relativistic frame-
work. Even when the relativistic effect is incorporated, we
expect the observed trends remain unaltered though all the
average radii would reduce slightly due to the so-called rel-
ativistic contraction of orbitals.
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